In oil and gas industry, wellbore stability control is paramount in an operation. It is essential to have information of the in situ stresses in well planning and prevention of wellbore failure. However, the current available measurement methods for in situ stresses in petroleum engineering are costly and often give scattering results. In this paper, a more practical displacement-based back analysis technique is proposed to determine the magnitude and orientation of the in situ stresses. The purpose is to provide an alternative tool for small operators in petroleum industry. An analytical solution is derived from displacement-stress relationship around a well in an isotropic rock with consideration of pore pressure. This method can be applied to calculate the displacement at any point around the well induced by drilling. In a reversed order, it can be used to calculate the in situ stresses from measured displacements at a number of locations on the borehole wall. For practical purpose, drained and undrained constitutive 2D models using measured diametrical deformation at different locations around a borehole wall as the input data have been developed to estimate the in situ stresses. Program codes in Matlab were written to facilitate the analysis under different conditions. An example is introduced to test the model and the program. The results validated this back-analysis approach and made a reliable estimation of the in situ stresses. The effects of pore pressure are also evaluated and are found to have significant impact on the shape of wellbore deformation. This impact differs for the drained and undrained conditions.
Introduction
Underground formations are always in a stressed state due to the stresses in the ground, known as the in situ stresses resulted from the weight of the overlaying strata and the locked-in stresses of tectonic origin. Wells drilled into the rock mass are the only accesses developed to reach an oil and gas reservoir. The stability of a well is paramount to an operation. In situ stresses refer to the static stresses before drilling. Together with the pore pressure in the reservoir, they are among the key factors that affect the wellbore stability and play significant roles in well planning, drilling, wellbore stability control and hydraulic-fracturing application.
Therefore getting reliable data of in situ stresses, particularly in the plane perpendicular to the well axis, is essential for the development of an oil and gas reservoir (Fjaer 2008 , Sinha et al 2008 , Kang et al 2009 , Afsari et al 2010 . At present, a number of methods are available for measuring or estimating the orientation and magnitude of the in situ stresses in petroleum engineering (Aadnøy and Looyeh 2011, Nauroy 2011) . The stress state at a given point in the rock formation prior to drilling is generally presented in terms of the principal components: the vertical stress σv, the maximum horizontal stress σhmax and minimum horizontal stress σhmin. Normally the vertical stress can be obtained from rock density and depth.
Regarding the magnitude of the maximum horizontal stress, there is no straightforward measurement method. The minimum stress magnitude can be measured using methods of hydraulic fracturing, leak-off, extended leak-off and mini-frac tests (Boonen and McElhinney 2002 , Labat et al 2002 , Sugiura 2009 ). Caliper logging systems recording the borehole shape can help detect breakouts and drilling-induced fractures, which correspond to the directions of the minimum and maximum horizontal stresses, respectively. However, the above measurement methods are costly and not affordable for small companies. In addition, the results are often influenced by local defects, accordingly less reliable Back analysis is a practical engineering tool to evaluate geomechanical parameters of underground structures based on field measurements of some key parameters, such as displacements, strains and stresses and to optimize designs (Ledesma et al 1996a & b, Tang and Kung 2009 , Yazdani et al 2012 . This method has been applied over the last few decades to predict the in situ stress state and the mechanical properties surrounding rock masses in geotechnical and mining engineering. A back analysis procedure was introduced to identify elastic parameters and earth pressure in a tunnel lining by Gioda and Maier (1980) . Back analysis using measured displacement of unlined and lined tunnels through a finite element formulation was performed by Sakurai and Takeuchi (1983) to determine the initial stresses. Zou and Kaiser (1990) developed a stress change fitting technique for in situ stress determination based on back-analysis principle. In 1995, Zou (1995) presented a back-analysis inverse method using relative and convergence displacements and boundary element method to estimate the effective field rock properties and in situ stresses. Other works included Kaiser et al (1990) , Sakurai (1997 ), Mello Franco et al (2002 , Sakurai et al (2003) , Jeon and Yang (2004) , Oreste (2005) , Miranda et al (2011) and Moreira et al (2013) . Those works however did not consider pore pressure, which is an important factor in the petroleum engineering.
When a well is drilled into a formation, the stressed solid material is removed and the drilling fluid provides temporary support to the well wall.
As the fluid pressure generally does not match the in situ stresses, drilling induces stress redistribution around the well, causing a new set of stresses in the rock formation around the well. As a result, deformation (or displacement) of the rock mass around the well can be observed. In comparison to direct measurement of stresses, the displacement of a well due to stress changes can be measured more easily and reliably. Measurement of displacement is also more practical in the field. Results of stresses derived from field measurements are more representative in the vicinity for a planned well.
Due to these advantages, back-analysis of measured displacements has become a popular technique in many areas. It can be basically divided into two categories: inverse and direct approaches , Zou 1995 , Feng et al 2000 , Deng and Lee 2001 , Shang et al 2002 , Zhang et al 2006b , Ghorbani and Sharifzadeh 2009 , Deng et al 2010 , Dehghan et al 2012 , Moreira et al 2013 . For the inverse approach, mathematical formulation is just the reverse of ordinary stress analysis. It is more efficient than the direct approach, but is not appropriate for non-linear problems. For the direct approach, the model does not need to be modified like the inverse approach and can be applied to non-linear problems. It however demands more iterations in analysis for a solution to converge.
Displacement-based back analysis makes it possible to determine the magnitude and orientation of the in situ stresses based on measurement of the diametrical deformation at different locations on a well wall induced by drilling. Measurement can be performed by a mechanical multi-arm or multi-finger caliper tool. It uses displacement sensors, which produce varying electrical signals as a result of the variation in borehole diameter. A number of measurement fingers pushing against the borehole wall are used in the tool (Maxted and Hazel 1995 , MFC 2014 , MSC 2014 . The change in the output signals can be converted to the change in wellbore diameter using processing software. At present, commercial tools may have from 12 to 60 fingers supplied by different manufacturers such as Gowell, Hotwell, Weatherford, Sondex and Spartek systems. These tools have provided direct and reliable open-hole and cased-hole caliper measurements in the petroleum industry (Julian et al 2007 , Warrior logging software 2014 .
The indirect back-analysis technique presented below, utilizing the available borehole data from caliper log, will aid greatly in providing a simplified method to obtain the in situ stresses, particularly for small companies who cannot afford the cost of the current stress measurement technologies. However, this method has yet to be further developed with improvements to be applicable to the petroleum industry. This paper aims at developing a reliable inverse approach of back analysis method to determine the in situ stresses with consideration of pore pressure. In highly permeable rock formation (e.g., most sandstones), the permeability is sufficient to ensure that the pore fluid can flow freely, so that the pore pressure can be maintained constant. This is called a drained condition. Whereas for lowpermeable rock formation (such as shale), pore fluid cannot flow out of the pore space quickly enough, resulting in a pore pressure storage effect, an undrained condition. Two-dimensional constitutive models of the inverse problem describing the relationships between the diametrical deformation and the in situ stress are first established under drained and undrained conditions. Two program codes in Matlab were written to facilitate the analysis. This method is then validated with an example. 
Basic principle
In general, the state of stress at a point in a rock mass can be represented by six independent components, σx, σy, σz, τxy, τyz and τzx. For a vertical well parallel to the z axis, the length to cross section dimension ratio is very high and deformation is limited to the x-y plane except at the collar and the bottom. This situation is considered as a plane strain problem, with εz = 0. In this case, the strain state can be reduced to four components corresponding to the four stress components σx, σy, σz and τxy, respectively, which define completely the stress state in the plane perpendicular to the well axis. Thus, stress analysis can be conducted using a two-dimensional model. The well is modeled as a hole in the ground formation, as shown in Figure 1 , with an inner radius a. The outer boundary is considered infinite. The location of A point in the rock mass is represented by the radial distance, r, from the center of the hole and an angle θ. Subsurface rocks are porous media saturated with fluids (e.g., water, oil, etc). Pore pressure, Pp, exists owing to the presence of formation fluids in the rock pores. Inside the borehole, there is drilling fluid with a pressure, Pm, which helps keep the well stable.
It can be observed from Figure 1 that the displacement at point A induced by nearby drilling consists of the normal and tangential components ur and uθ, which can also be expressed as the components ux and uy in the x, y directions, respectively. The displacement is a function of the following parameters:
• the in situ stresses {σx, σy, σz, τxy} or the in situ principal stresses {σhmax, σhmin, σz, β}
• the geometry of the well being drilled (radius ro)
• the distance from the well (r)
• the properties of the rock mass (Young's
• the mud pressure Pm and the pore pressure Pp.
In this study, the linear elastic model and the following assumptions are applied:
• Rock formation is homogeneous.
• Rock formation is isotropic (this means that the mechanical properties, such as Young's modulus and Poisson's ratio are considered to be scalar).
According to the displacement-stress relationship, deformation of a circular hole in an isotropic linear elastic rock formation can be described in a matrix form as a function of the in situ stress components, drilling fluid pressure and pore pressure (Zhang et al 2006b) 
where u = {ur, uθ} is a displacement vector in cylindrical system, σ = {σx, σy, τxy} is a vector of the initial state of stress, M is the coefficient matrix of size (2 × 3), depending on the location, rock properties and well size, Mm and Mp are the coefficient matrices of size (2 × 1), varying with rock properties and well size.
The difference in well diameter between the drilled and the measured by caliper logging devices represents the convergence between two opposite points on the well wall induced by drilling, as depicted in Figure 2 . The diametrical deformation is the sum of the radial displacement components at the two opposite points on the wall along the measurement line (Zou 1995) . The displacement ug can be obtained from u in cylindrical system by coordinate transformation.
where T is the transformation matrix related to the angle θ with respect to x axis (two-dimensional model in Figure 1 ).
Substituting Eqns. (1), (3) and (4) 
into Eqn. (2) gives
where c1, c2 and c3 are constants, which are relevant to ro, E, ν, α, φ and δ. Mcon,, Mconm and Mconp are the coefficient matrices of convergence which are dependent on the coordinates of two opposite points on the borehole wall along the measurement line or the measurement angle, borehole geometry and rock properties. 
The diametrical deformation in any direction on the borehole wall due to drilling can now be calculated from Eqn. (5) 
where
Mcon and ucon * = ucon + c2MconmPm + c3MconpPp. The superscript "T" and "-1" denote matrix transpose and inversion, respectively.
Thus, in a reversed order, the in situ stresses can be determined uniquely from the measured diametrical deformations in the field in different directions around the borehole wall. It is noted that the number of the measurements n should be greater than the number of unknown parameters (e.g. n﹥3 in two-dimensional model).
Stresses around a well with pore pressure
The near-wellbore stresses under plane strain condition can be obtained based on the linear elastic model, which can be decomposed into four parts, as shown in Figure 3. 1) The stresses induced by the in situ stresses 
3) The stresses induced by pore pressure Pore pressure is vital in any rock mechanics study of porous, fluid-filled rock systems. The pore fluid will carry part of the total stresses applied to the system, thus relieve the rock matrix from part of the load.
Under drained condition, the pore pressure can be maintained to be constant in the domain under consideration. The effective stress as defined by Terzaghi is equal to the total stress minus the pore pressure (Zhang et al 2006a) . calculated by Skempton's equation (Charlez 1997) . σ
where s is the Skempton's coefficient and Äó is the variation in mean stress; and Eqn. (14) indicates that pore pressure varies with the radial position and the azimuth after drilling under undrained condition.
4) The superimposed stresses induced by the seepage effect of drilling fluid During drilling, the drilling fluid pressure in general is higher than the formation pressure in permeable rock formation, so that some drilling liquid may seep into the formation under the pressure difference. Low permeable mud cake can be generated on the borehole wall for drilling fluid with good performance. There are two effects. One is to consolidate the wall and prevent it from caving-in, and the other is to keep drilling fluid from flowing into the formation. However, when the performance of drilling fluid is not good, a part of fluid in the well also penetrates into the formation. All these cause the loss of the drilling fluid. The rock formation is assumed to be a porous medium and Darcy's law is applied for fluid flow in this medium, the superimposed stresses surrounding the borehole induced by radial flow of drilling fluid into the pore space in the formation can be expressed as (Zhao 2007) : (14), (15) together, the effective stresses components under drained and undrained conditions can be described by Eqn. (16) and (17), respectively.
For drained condition 
Relationship between displacement at a point on the borehole wall and the in situ stresses
Following Hooke's law, the relation between the strains and stresses for plane strain condition (σz = υ (σx + σy)) can be written as Figure 4 illustrates the convergence calculation model. θi_11 and θi_12 are the measurement angles of two opposite points a and b; (xi_11, yi_11) and (xi_12, yi_12) are the coordinates of points a and b. 
Relation between convergence of two opposite points on the borehole wall and the in situ stresses
where Mconi, Mconmi and Mconpi are the coefficient matrices associated with ro, E, ν, α, φ, and δ, the measurement angle θi_11 and θi_12 or the coordinates of two opposite points (xi_11, yi_11) and (xi_12, yi_12).
Formulation for determining the in situ stresses by using diametrical deformation
For n measured diametrical deformation, it is convenient to express Eqn. (23) in matrix form. Let
We can rewrite Eqn. (23) as
Eqn. (25) is a set of linear equations with three unknown parameters. If the number of measurement is more than three, it becomes a set of redundant equations. If the least square method is adopted in Eqn. (25), the unknown parameters can be solved, such that the in situ stresses appear as outputs and the measured convergence quantities as inputs as follows: 
Computer programming
Matlab is employed to write two program codes to facilitate the calculation of the in situ stresses through displacement-based back-analysis based on drained and undrained constitutive models. The input data for back analysis are the geometry of borehole, the angles or coordinates of measurement locations, the diameter changes caused by drilling at different locations, pore pressure, mud pressure, the properties of rock mass including Young's modulus, drained and undrained Poisson's ratio, Biot's constant, seepage coefficient, porosity, and Skempton's coefficient. The output data is a quantitative description of the in situ stresses {σx, σy, τxy} or {σhmax, σhmin, φ}. Figure 5 shows the program interface. Table 2 .
Data of exact diametrical deformation caused by drilling at the 9 measurement locations are generated using Eqn. (25) with assumed in situ stresses. These data are deemed as measurement convergence, which are applied to determine the in situ stresses by the established back analysis model of Eqn. (28). Then random errors of up to ±15% are introduced to the exact diametrical deformation data to produce the hypothetical data (Table 3) . Furthermore, the back-analyzed in situ stresses are used to calculate the diametrical deformation at those locations for comparison.
The calculation procedures in different scenarios are carried out using the program written in Matlab. The applied and back-analyzed stress results are displayed in Table 4 . The solutions of the in situ stresses are quite similar to the actual ones when the measured diametrical deformation is exact. There are very small differences between these two sets of stress data. When up to 15% errors are added to the diametrical deformation data, the solutions are slightly changed. The differences are less than the introduced errors of 15%. The corresponding diametrical deformations calculated from applied stresses and backanalyzed stresses at 9 measurement locations are shown in Figure 7 . Comparing these values, it can be found that there is a fairly good agreement between the diametrical deformations obtained from applied and back-analyzed stresses when input data is exact. If the input data containing errors are used, the diametrical deformation obtained from backanalyzed stresses shows less error than the input data.
These results reveal the reliability of constitutive model and the validity of program and this inverse approach of back analysis taking into account pore and mud pressure.
Effects of Pore Pressure and Mud Pressure on Borehole Deformation
Pore pressure is an important factor for controlling wellbore stability. Pore pressure change and distribution can affect the redistribution of stresses around the borehole after drilling, which can be reflected by the deformation of wellbore. Figure 8 presents near wellbore pore pressure distribution at the different measuring directions. After introduction of a borehole into an anisotropic geostatic stress field, the pore pressures of different locations keep the same under drained condition. However, under undrained condition the pore pressure depends on the azimuth. It can be seen that the pore pressure has a higher concentration in the direction of σhmin and lower concentration in the direction of σhmax. In order to analyze the effect of pore pressure distribution on the wellbore deformation, the radial displacement (half of convergence) at different locations obtained from back-analyzed in situ stresses in the above example are depicted in Figure 9 . There is a maximum displacement in the direction of σhmax and a minimum displacement in the direction of σhmin. The undrained results show a decrease difference in radial displacement between the direction of σhmin and σhmax contrary to drained condition. This phenomenon induces different wellbore shapes after drilling under these two conditions. The wellbore profiles plotted using enlarged displacements (40 times of the actual value) are given in Figure 10 . The geometry of wellbore is changed from circle to oval in both conditions. The ovalisation is a result of anisotropic geostatic stresses, which have a possible impact on wellbore stability. Undrained effect can decelerate well convergence in the direction of σhmax and its ovalisation in the perpendicular direction. In this study, due to pore pressure distribution differs for drained and undrained conditions, two different back analysis models have been established, which can be selected on the basis of the type of rock formation. From the Eqns. (18), (19) and (24), the increase in pore pressure magnitude will reduce stresses and displacement at the borehole wall. This indicates the stresses applied on the rocks in the nearwellbore region are partially supported by the pore pressure. For each increase of 20 MPa of the pore pressure, the reduced values of drained and undrained radial displacements are about 0.1 mm and 0.015 mm, respectively (Figure 9a ). The changes in radial displacements as a result of the same pore pressure change show obvious difference for drained and undrained conditions. The mud pressure will also cause deviation in radial displacement. Figure 9b The direction of σhmax
The direction of σhmin wall move away from the center and reduce the risk of wellbore collapse, as implied by the displacement shown in Figure 9b . This is the same as the pore pressure. But for the influence of mud pressure change on drained and undrained conditions, it is unlike the pore pressure effect. The reduced value of drained radial displacement is relatively close to that of the undrained radial displacement. At high mud pressure, expansion occurs along the axis corresponding to σhmin (Figure 10b ). When the mud pressure exceeds Pwf, tensile failure takes place in the direction of σhmax. Failure criteria can be applied to estimate the minimum mud pressure (Pmc) and the maximum mud pressures (Pmf), beyond which the wellbore will fail, if the in-situ stress and pore pressure are known. Therefore the determination of the critical pressure for maintaining wellbore stability is highly dependent on the in situ stress field, the formation pore pressure and rock properties. The back analysis method in this study can be further used to get the proper mud weight and analyze the wellbore stability.
The above discussion of the effects of pore pressure and mud pressure on wellbore deformation clearly demonstrates the importance of the pore pressure when developing back analysis models and studying wellbore stability for different types of rock formation. There are other factors, such as thermal effect, which may play a role in wellbore stability as well and need to be explored in future work. Meanwhile, field data need to be used to evaluate the applicability of the proposed method.
Conclusions
A simplified inverse approach of back analysis technique has been developed, which provides an alternative and practical method for estimating in situ stresses around a drilled well. The technique is based on measurement of convergence, or diametrical changes on the wall of the well in different directions induced by drilling. The field pore pressure has also been taken into consideration.
Constitutive 2D models corresponding to drained and undrained conditions, respectively, allow estimation of the in situ stresses under different pore pressure distribution. These models can be further used to determine proper mud weight and analyze the wellbore stability for different type of rock formation.
The method is tested with an example, which demonstrates the accuracy and reliability of the results. The back-analyzed in situ stresses with this method are very close to the applied stresses. Furthermore, this method allows evaluation of the effect of pore pressure and mud pressure on wellbore deformation and demonstrates the change of well shape under drained and undrained conditions.
